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Recently, Halder et al. [S. Halder et al., Phys. Rev. Lett. 122, 040403 (2019)] present two
sets of strong nonlocality of orthogonal product states based on the local irreducibility. However,
for a set of locally indistinguishable orthogonal entangled states, the remaining question is whether
the states can reveal strong quantum nonlocality. Here we present a general definition of strong
quantum nonlocality based on the local indistinguishability. Then, in 2⊗ 2⊗ 2 quantum system, we
show that a set of orthogonal entangled states is locally reducible but locally indistinguishable in all
bipartitions, which means the states have strong nonlocality. Furthermore, we generalize the result
in N-qubit quantum system, where N > 3. Finally, we also construct a class of strong nonlocality of
entangled states in d⊗ d⊗ · · · ⊗ d, d > 3. Our results extend the phenomenon of strong nonlocality
for entangled states.
PACS numbers: 03.67.Hk, 03.65.Ud, 03.67.Mn
I. INTRODUCTION
Quantum nonlocality is one of the most important
properties in quantum information theory, and the most
well-known manifestation of quantum nonlocality is Bell
nonlocality [1], which means a quantum state violates
Bell-type inequalities [2-5]. Apart from the foundational
implications, Bell nonlocality has many applications in
quantum technologies [6-8].
In fact, nonlocal properties also have another class
which is different from Bell nonlocality. Specifically,
when a set of orthogonal quantum states cannot be per-
fectly distinguished by local operations and classical com-
munication (LOCC), it reflects the fundamental feature
of quantum mechanics which is called nonlocality [9]. Lo-
cally distinguishing orthogonal quantum states refers to
that, in a quantum system which consists of several parts
held by separated observers, a state secretly chosen from
a set of prespecified orthogonal quantum states is shared
by these parties, and the goal is to determine in which
state the system is, only using LOCC [10-21]. In addi-
tion, the nonlocality of orthogonal quantum states can be
used for practical purposes, such as, data hiding [22,23],
quantum secret sharing [24], and so on. Thus, in the
past two decades, it has received considerable attention
to study the locally distinguishability of orthogonal quan-
tum states and explore the relationship between quantum
nonlocality and quantum entanglement [25-39].
Despite these results, the nonlocal orthogonal quan-
tum states are still under extensive study. Recently, in
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d⊗ d ⊗ d, d = 3, 4, Halder et al. proved that two sets of
orthogonal product states are strongly nonlocal because
these states are locally irreducible in all bipartitions [40].
Here, local irreducibility means that it is impossible to
locally eliminate one or more states from the set of states
while preserving orthogonality of the post measurement
states. Then, the authors in [41] present the general def-
inition of strong quantum nonlocality based on the local
irreducibility. However, the local irreducibility is only a
sufficient but not necessary condition for local indistin-
guishability. Furthermore, for orthogonal product states,
the authors in [42,43] present the classification based on
the local distinguishability when all the parties are spa-
tially separated or different subsets of the parties come
together, and design the local state discrimination proto-
cols for such states with additional entangled recources.
Thus, the above results leave the following questions:
(i) for entangled states, how to define the property of
strong quantum nonlocality based on the local indistin-
guishability, (ii) whether we can find strongly nonlocal
orthogonal entangled states, and how many states can
have strong nonlocality.
Motivated by the above questions, in this work, we first
present the general definition of strong quantum nonlo-
cality based on the local inditinguishability, and our def-
inition is more general than the definition in [40] because
the local irreducibility is only a sufficient but not nec-
essary condition for local indistinguishability. Then, in
2 ⊗ 2 ⊗ 2, we show one set of strong nonlocality of or-
thogonal entangled states to explain the above definition,
and these states are locally reducible but locally indis-
tinguishable. Furthermore, in N-qubit quantum system,
where N > 3, we generalize the above quantum states
and prove that these states are strongly nonlocal. Fi-
2nally, we also construct a class of strong nonlocality of
entangled states in d⊗d⊗· · ·⊗d, d > 3. In addition, our
results can also let people have a better understanding of
the relationship between entanglement and nonlocality.
The rest of this paper is organized as follows. In Sec.
II, we present a general definition of strong quantum non-
locality. Then, we show some sets of orthogonal entan-
gled states are strongly nonlocal in N-qubit quantum sys-
tem, where N > 3. Furthermore, in d⊗d⊗· · ·⊗d, d > 3,
we construct a class of strong nonlocality of entangled
states in Sec. III. Finally, we summarize in Sec. IV.
II. THE GENERAL DEFINITION OF STRONG
QUANTUM NONLOCALITY
In this section, we present a general definition of strong
quantum nonlocality based on the local indistinguisha-
bility of orthogonal quantum states. In Ref.[40], for
d1⊗ d2 ⊗ · · · ⊗ dn quantum system, the authors have de-
fined the local irreducibility of a set of orthogonal quan-
tum states, which means that it is not possible to locally
eliminate one or more states from the set while preserv-
ing orthogonality of the post measurement states. Then,
based on the local irreducibility, the authors in [40, 41]
defined the strong quantum nonlocality. From the defini-
tion of local irreducibility, we know that a set of locally
irreducible orthogonal quantum states must be locally in-
distinguishable, so these states have nonlocality, but the
converse does not always hold. Thus, the best appropri-
ate definition of strong nonlocality should use the locally
indistinguishability.
In the following, we present a general definition for
strong quantum nonlocality based on the locally indis-
tinguishability.
Definition 1. In d1 ⊗ d2 ⊗ · · · ⊗ dn, n > 3, a set of
orthogonal quantum states is strongly nonlocal if it is
locally indistinguishable in every bipartition, where bi-
partition means the whole quantum system is divided
into two parts.
From the Definition 1, we can know that it is different
from the definition of strong nonlocality in [40] and more
general. In [40], the authors present that the three-qubit
GHZ basis (unnormalized): |000〉 ± |111〉, |011〉 ± |100〉,
|001〉±|110〉, |010〉±|101〉 is locally reducible in every bi-
partition. Nevertheless, we find that these states are still
locally indistinguishable in every bipartition. Accord-
ing to our definition, these states are strongly nonlocal.
Thus, our definition is more general. In the following,
we present that even some of three-qubit GHZ basis are
strongly nonlocal. First, we present the following states
in 2⊗ 2⊗ 2:
|φ1,2〉 = |000〉 ± |111〉,
|φ3〉 = |011〉+ |100〉,
|φ4〉 = |001〉+ |110〉,
|φ5〉 = |010〉+ |101〉.
(1)
Then, we prove the above states are locally indistin-
guishable in every bipartition.
Theorem 1. In 2⊗2⊗2, the above 5 states are strongly
nonlocal.
Proof. First, we consider the bipartition AB|C. Physi-
cally this means that the subsystems A and B are treated
together as a four-dimensional subsystem AB on which
joint measurements are now allowed. To reflect this, we
rewrite the states |φ1,2,4〉 as follows:
|φ1,2〉 = |020〉 ± |121〉,
|φ4〉 = |021〉+ |120〉.
(2)
where |02〉 means the first |00〉, and |12〉 means first |11〉.
Then, the states (2) cannot be locally distinguished
across AB|C because the above states are locally equiv-
alent to three Bell states |00〉 ± |11〉, |01〉 + |10〉 which
are locally indistinguishable [37, 40]. Thus, the states
(1) cannot be locally distinguished across AB|C.
From the structure of states (1), we know these states
have a cyclic property as the cyclic property of the trace.
Then, the states (1) are also locally indistinguishable
across B|CA and C|AB.
Therefore, the states (1) are strongly nonlocal. This
completes the proof.
In the following, we generalize the above result in N-
qubit quantum systems. In the same way, we first present
some of N-qubit GHZ basis states as follows.
|φ1〉 = |00 . . . 0〉 − |11 . . . 1〉,
|φ2+a22N−2+a32N−3+...+aN20〉 = |a1 . . . aN 〉+ |a¯1 . . . a¯N 〉.
(3)
where a1 = 0, a2, . . . , aN = 0 or 1, a¯i = (ai + 1) mod
2, i = 1, . . . , N .
Then, we have the following result.
Theorem 2. In N-qubit quantum systems 2⊗2⊗. . .⊗2,
the above 2N−1 + 1 states of (3) are strongly nonlocal.
Proof. First, we consider any bipartition
A1 . . . Aj |Aj+1 . . . AN . Physically this means that
the subsystems A1, . . . , Aj are treated together as a
2j-dimensional subsystem A1 . . . Aj on which joint
measurements are now allowed. Others parties are
similar. Here A1, . . . , AN can be any parties. Then,
there must be one state in which the first j parties are
all in state |0〉 (or |1〉) and simultaneously the last N − j
parties are all in state |1〉 (or |0〉), thus we can rewrite
the state as |φ〉 = |0j〉|1N−j〉 + |1j〉|0N−j〉 under new
basis. Similar to Theorem 1, we consider the state |φ〉
and |φ1,2〉 which are locally equivalent to three Bell
states |00〉± |11〉, |01〉+ |10〉. Thus, the states (3) cannot
be locally distinguished by LOCC in the bipartition
A1 . . . Aj |Aj+1 . . . AN .
Therefore, the states (3) are strongly nonlocal. This
completes the proof.
3In addition, the states of (3) are locally reducible in
every bipartition. However, we have proved that these
states are locally indistinguishable and strongly nonlocal.
Thus, our definition should be more general and suitable.
In [40], the authors show that such product states cannot
be found in systems where one of subsystems has dimen-
sion two. However, for entangled states, the minimum
dimension can be two according to the above results. In
the following, we construct strongly nonlocal maximally
entangled states (MESs) in more general quantum sys-
tems.
III. STRONG NONLOCALITY OF
ORTHOGONAL MAXIMALLY ENTANGLED
STATES
In this section, we will present the explicit set of
strongly nonlocal MESs in d⊗ d⊗ d and d⊗ d⊗ · · · ⊗ d
quantum systems respectively, where d > 3.
A. Strongly nonlocal MESs in tripartite quantum
systems
To clearly explain the general strong nonlocality in tri-
partite quantum systems, we need start with the con-
struction of strongly nonlocal MESs in 3⊗3⊗3 quantum
system.
Lemma 1. In 3⊗ 3⊗ 3 quantum system, the following
6 MESs
|000〉+ |111〉+ |222〉,
|000〉+ ω|111〉+ ω2|222〉,
|000〉+ ω2|111〉+ ω|222〉,
|100〉+ |211〉+ |022〉,
|010〉+ |121〉+ |202〉,
|001〉+ |112〉+ |220〉.
are strongly nonlocal, where ω = e
2pii
3 .
Proof. From the definition of strong nonlocality, if we
prove the nonlocality in every bipartite separation, i.e.,
A|BC, B|AC and C|AB, then the above 6 MESs have
strong nonlocality.
In A|BC separation, we set last two |00〉 as |02〉, |11〉
as |12〉, |22〉 as |22〉, thus the first four states of the above
set can be rewritten as
|002〉+ |112〉+ |222〉,
|002〉+ ω|112〉+ ω
2|222〉,
|002〉+ ω
2|112〉+ ω|222〉,
|102〉+ |212〉+ |022〉,
These four states can be regarded as in a new 3 ⊗
3 quantum system, in which the computational basis
is {|002〉, |012〉, |022〉, |102〉, |112〉, 122〉, |202〉, |212〉, |222〉}.
Based on the result that any d+ 1 MESs cannot be dis-
tinguished by LOCC in [18], the set of these four states
has quantum nonlocality in this A|BC separation.
Similarly, we can prove the set including the first three
and the fifth states cannot be locally distinguished in
B|AC separation, and the set including the first three
and the sixth states cannot be locally distinguished in
C|AB separation.
It is not hard to construct strongly nonlocal MESs sets
in a most general tripartite quantum system according
to the idea in the above proof. Thus we can derive the
following theorem.
Theorem 3. In d⊗d⊗d quantum system, where d > 3,
the following d+ 3 MESs
d−1∑
l=0
ωjl|lll〉, j = 0, 1, · · · , d− 1,
|100〉+ |211〉+ · · ·+ |0, d− 1, d− 1〉,
|010〉+ |121〉+ · · ·+ |d− 1, 0, d− 1〉,
|001〉+ |112〉+ · · ·+ |d− 1, d− 1, 0〉,
are strongly nonlocal, where ω = e
2pii
d .
Actually in d⊗d quantum system, any d+1 MESs have
already been used to represent quantum nonlocality [18].
Here from this theorem, we know the fact that adding
just 2 more MESs to the nonlocal MESs can realize the
strong nonlocality in d⊗ d⊗ d quantum system.
B. Strongly nonlocal MESs in more than
four-partite quantum systems
When the number of quantum subsystems is bigger
than 3, the construction of strongly nonlocal MESs will
become a little different. In this subsection, we will
present the explicit form of strongly nonlocal MESs in
more than four-partite quantum systems.
Theorem 4. In a k-partite quantum system d ⊗ d ⊗
· · · ⊗ d, where k > 4, d > 3, the following (k + 1)d MESs
d−1∑
l=0
ωjl|ll · · · l〉, j = 0, 1, · · · , d− 1,
d−1∑
l=0
ωjl|l ⊕d 1, l, · · · , l〉, j = 0, 1, · · · , d− 1,
d−1∑
l=0
ωjl|l, l⊕d 1, · · · , l〉, j = 0, 1, · · · , d− 1,
...
d−1∑
l=0
ωjl|l, l, · · · , l⊕d 1〉, j = 0, 1, · · · , d− 1,
are strongly nonlocal, where ω = e
2pii
d .
4Proof. To prove the strong nonlocality of these (k +
1)d MESs, we need to prove they are nonlocal in every
separation. Next we will complete this proof case by case.
In “1—(k-1)” separation, without loss of generality, we
will take P1|P2 · · ·Pk as an example. The first d+1 MESs
in the above set can be rewritten as
d−1∑
l=0
ωjl|llk−1〉, j = 0, 1, · · · , d− 1,
d−1∑
l=0
|l ⊕d 1, lk−1〉,
(4)
where |lk−1〉 denotes |l〉⊗(k−1). Then these d + 1 MESs
can be regarded as in another new d ⊗ d quantum sys-
tem where the computational basis of the second subsys-
tem is {|lk−1〉}
d−1
l=0 . Thus these MESs have nonlocality in
P1|P2 · · ·Pk separation. Similarly, we can prove quantum
nonlocality in other “1—(k-1)” separations.
In “2—(k-2)” separation, the number of new basis
states increases. Taking the P1P2|P3 · · ·Pk separation
as an example, the new computational basis for “P1P2”
is {|jj〉, |j ⊕d 1, j〉, |j, j ⊕d 1}
d−1
j=0 , that is, “P1P2” can be
regarded as a new 3d-dimension subsystem. Meanwhile,
the latter subsystem “P3 · · ·Pk” can be regarded as a new
(k− 1)d-dimension subsystem because its computational
basis is {|jj · · · j〉, |j ⊕d 1, j, · · · , j〉, |j, j, · · · , j ⊕d 1〉}
d−1
j=0 .
Thus the new dimension for P1P2|P3 · · ·Pk separation is
3d ⊗ (k − 1)d, where k > 4. Then we need (k − 1)d + 1
MESs to illustrate the quantum nonlocality in this sep-
aration, which can be ensured by the fact that we have
(k+1)d MESs in the original set. Other “2—(k-2)” sep-
arations can be similarly proved.
Next, we will consider the “3—(k-3)” separation. Ac-
tually, the number of new basis states is no more than
‘2—(k-2)” separation, or even exact the symmetric case
of the former cases, so the original (k + 1)d MESs can
also assure the quantum nonlocality in every “3—(k-3)”
separation.
The following “m—(k-m)” separation with m > 4 will
become easier, or even exact the symmetric case of the
former cases. Until now, we have proved the quantum
nonlocality in every possible separations, which exactly
satisfies the definition of quantum strong nonlocality.
IV. CONCLUSION AND DISCUSSION
In summary, we have shown the definition for strong
nonlocality of orthogonal quantum states and con-
structed some sets of strongly nonlocal orthogonal quan-
tum states in d ⊗ d ⊗ . . . ⊗ d, thus extending the phe-
nomenon of strong nonlocality. Our results can lead to
a better understanding of the relationship between non-
locality and entanglement. In addition, for orthogonal
product states, there are some locally distinguish pro-
tocols with entanglement resource [42-47]. However, for
entangled states, it is very little, so it is interesting to
investigate the fewer entanglement resources required to
distinguish entangled states especially the above entan-
gled states.
However, for a more than tripartite quantum system,
the definition of nonlocality is not complete. For exam-
ple, in dA ⊗ dB ⊗ dC ⊗ dD quantum system, (i) when
a set of orthogonal quantum states is locally indistin-
guishable in a 4-partition A|B|C|D, we know that these
states have nonlocality that we presently understand; (ii)
when a set of orthogonal quantum states is locally in-
distinguishable in every bipartition (e.g., AB|CD and
ABC|D), these states have strong nonlocality, such as
our results in above section; but (iii) when a set of or-
thogonal quantum states is locally indistinguishable in
every tripartition (e.g., AB|C|D and BD|A|C), but lo-
cally distinguishable in some bipartition, the nonlocality
of these states should be defined.
As [41, 42], we also can classify the different strength
of nonlocality of orthogonal quantum states based on the
local indistinguishability. Here, we use N to indicate the
strength of nonlocality of a set of orthogonal quantum
states and get the relationship as follows.
N2 > · · · > Ni+ > Ni > · · ·
> Nn+ > Nn, i = 3, · · · , n− 1,
(5)
where Nj , j = 2, · · · , n, means that a set of orthogonal
quantum states is only locally indistinguishabel in ev-
ery j-partition and Nj+, j = 3, · · · , n, means that a set
of orthogonal quantum states is locally indistinguishable
in every j-partition and also locally indistinguishable in
only some (j − 1)-partition.
Therefore, from the above relationship, we can present
the following definition for strong nonlocality.
Definition 2. In a n-partite quantum system, where
n > 2, a set of orthogonal quantum states is strongly
nonlocal if it cannot be perfectly distinguished by super-
LOCC, where super-LOCC means that there are at least
two parties which are treated together as a subsystem on
which joint measurements are allowed, and the n-parties
are at least divided into 2 parts.
From the Definition 2, we know that super-LOCC is
more powerful than LOCC, but less powerful than global
operations. Thus the definition should be more general
and appropriate.
In addition, we recently find that the authors in Ref.
[48] have also present a class of strong nonlocality of en-
tangled states in d⊗ d⊗ d, d > 3, and leave the following
open question, that is, how to generalize the construction
in d⊗ d⊗ . . .⊗ d, d > 2. However, in their construction,
strong nonlocality needs almost d3 entangled states, but
in our construction, it only needs d+ 3 entangled states,
and our results give a positive answer to their open ques-
tion.
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